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In this paper we investigate three classes of linear codes arising from elliptic 
curves and compute their minimal distance using implicity the structure of the 
group of rational points of the curves. 0 1992 Academic Press Inc. 
1. INTRODUCTION 
In this paper we are concerned with a special class of linear codes. A 
linear code C over a finite field F, is a linear subspace of the vector space 
Fi; n is called the block length and k := [C : Fq] the dimension of C. The 
elements of C are called codewords. The (Humming) weight of a vector is 
equal to the number of its nonzero entries. This definition gives rise to 
another important parameter of a linear code C measuring the error correc- 
tion capacity of C. This so-called minimal distance of C, usually denoted by 
d, is defined to be the minimum of the weights of all nonzero codewords 
in C. 
In 1981, V. D. Goppa [6] introduced a new class of linear codes arising 
from algebraic curves over finite fields which are since then called geometric 
Goppa codes. The construction of geometric Goppa codes, described for the 
elliptic case in Section 3, uses a nonsingular curve over a finite field F, and 
points and divisors on this curve. Since the curves and the divisors can be 
chosen (almost) arbitrarily it is not surprising that the class of geometric 
Goppa codes is rich class of linear codes. In fact it contains some other well 
known and important classes of codes such as the class of extended 
generalized Reed-Solomon codes [14]. Other classes of codes such as the 
class of (classical) Goppa codes [ 111 can be obtained from geometric 
Goppa codes via a subfield subcode construction [ 173. Moreover the class 
of geometric Goppa codes contains the (asymptotically) best known linear 
codes, as was proved by Tsfasman, Vladut, and Zink in 1982 [19]. The 
theoretical feasibility of the geometric Goppa codes relies on the fact that 
the theory of algebraic curves over finite fields is well developed so one can 
utilize this machinery in order to compute the exact parameters of these 
linear codes. 
For the investigations in this paper we have preferred the approach via 
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algebraic function fields associated to the curves. In our applications these 
are extension fields of a fixed finite field 0 whose transcendence degree over 
Sz equals one. The main advantage of these fields for our purposes is the 
fact that they are invariant under birational isomorphisms of the curves. 
The computation of the exact dimension of geometric codes follows from 
the computation of dimensions of linear spaces attached to divisors on 
the curve. Here, the famous theorem of Riemann-Roth yields good 
approximations or even the true dimensions in many cases. The problem of 
computing the minimal distance on the other side is a combinatorial 
problem the solution of which requires many tools from the theory of 
algebraic curves. 
The problem of computing the exact minimal distance of geometric 
Goppa codes very soon leads to the investigation of the so-called maximum 
distance separable codes (short: MDS codes) arising from algebraic curves. 
A linear code of block length n, dimension k, and minimal distance d, an 
(n, k, d)-code for short, is called MDS iff d= n -k + 1. In view of the 
general inequality d < n - k + 1 known as the Singleton Bound [ 111, we see 
that MDS codes are in a sense extremal codes since they have the largest 
minimal distance which is possible for given n and k. 
It turns out that the problem of computing the minimal distance of a 
code defined over a rational curve is trivial: these codes are MDS as is 
described in Section 3. Moveover, one can show [ 141 that this class of 
geometric Goppa codes equals the class of (extended) generalized Reed- 
Solomon codes, which in turn is the most important class of MDS codes 
Clll. 
The next class of curves is the class of elliptic curves, i.e., curves of genus 
one which have at least one rational point over the ground field. These 
codesarealmostMDS [12] thatisd=n-k+lord=n-k.Soiftheyare 
not MDS, then d = n - k. 
Elliptic function fields play an exceptional role in the class of algebraic 
function fields of one variable. One of the most important properties of an 
elliptic function field defined over Sz is the fact that there is a bijection from 
its class group (also called Jacobian) onto its set of prime divisors of degree 
one (which is the same as the set of Q-rational points of the curve in a non- 
singular model). Here the class group of the field is the quotient of the 
group of divisors of degree zero and the group of principal divisors. This 
bijection carries the structure of the class group into the set of prime 
divisors of degree one. Fixing a model for the curve (such as the WeierstraIj 
model) one can derive explicit formulae for “adding” points on the curve 
C181. 
Besides general tools from the theory of algebraic function fields, the 
above-mentioned well-known bijection is used in our paper to investigate 
three series of linear codes defined over elliptic function fields. It turns out 
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that in almost all cases these codes are not MDS. It is also interesting that 
the MDS codes one obtains in the “trivial” cases belong to the class of 
generalized Reed-Solomon codes. 
The trivial observation of Lemma 1 is one of the crucial points of this 
paper. Using this lemma we are able to reformulate the MDS-property as 
follows: Given an abelian group A and a finite subset A4 of A not con- 
taining the identity of A compute all natural numbers 1~ k < iA41 such that 
there exist k distinct elements of A4 which add up to zero in A. Theorems 1 
and 2 assume A to be finite and express the fact that if A4 is large relative 
to A then there exist k distinct elements which add up to zero for almost 
all k. These theorems use the very special form of the divisors used to con- 
struct the codes. Theorem 3 on the other side is of a different nature: In this 
case, A is an infinite abelian group and M is a coset of a special subgroup 
of A. More precisely, A is the group of rational points of the elliptic curve 
over the algebraic closure of the constant field and A4 is a coset of the 
group of rational points of the curve over the constant field. Theorem 3 
seems to have been proved previously by Tsfasman as is announced by 
Michon [ 121. The counterexample in Section 7 however shows that the 
theorem is not correct in the form stated by Michon. 
The paper is organized as follows: Section 2 introduces some notations. 
Section 3 is devoted to the review of the construction of geometric Goppa 
codes in the case of an elliptic curve. In Section 4 we summarize some well- 
known facts about elliptic function fields and their ramification properties. 
These results will be a main tool for our investigations. Sections 5-7 are 
devoted to the formulation and proofs of the main theorems. In Section 8 
we investigate some MDS codes arising from the construction of Section 7 
and show that they belong to the class of extended generalized Reed- 
Solomon codes. 
2. NOTATIONS 
l F, denotes the finite field of q elements. 
l K is an elliptic function field over F,. 
l P,(K) denotes the set of all prime divisors of degree one of K. 
l For { P,, . . . . P,} sP,(K) set D=P, + ... +P,. 
. ord,( .) is the discrete normalized valuation corresponding to P, 
where PE {PI, . . . . P,}. 
l For a divisor A we denote by deg(A) its degree. 
l G is a divisor of K with 0 <deg(G) < n and ordpi(G) =0 for all 
i=l n. 3 **a, 
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l For f~ K x, (f) denotes the principal divisor off: 
l h denotes the group of principal divisors of K. 
l L(G)=linear space of G= {fEK” 1 (f)> -G> u (0). 
l dim(G) = dirnFqL( G). 
l C(G, D) := { (f( P,), . . ..f( P,)) [f~ L(G)} is the geometric Goppa 
code associated to G and D. 
l N:= { 1, . ..) n). 
l For Zc N, P, denotes the set { Pi 1 i E I}. 
l If Q is a subfield of K, aK,* denotes the different of K with respect 
to a. 
l For a code C, Cl denotes its dual. 
l For an (n, k, d)-code C and ‘1 E F; we define 
rl.C:=((r,.c,,...,9n.Cn)ICEC}. 
3. CONSTRUCTION OF ELLIPTIC GOPPA CODES 
Let K be an elliptic function field over the finite field F,, i.e., K is a field 
of algebraic functions of one variable of genus one over F, F, is algebrai- 
cally closed in K and K has at least one prime divisor of degree one. Let 
{P 1 . . . . P,} denote a subset of P,(K) and let G be a divisor satisfying the 
conditions mentioned in the last section. Put D := P, + . .. + P,. We define 
the geometric Goppa Code C(G, D) attached to G and D as the image of the 
homomorphism 
y: L(G) + F4” 
fH (f(P,), Yf(P,)). 
Since the code C(G, D) is constructed over an elliptic function field, it is 
often referred to as an elliptic code. The kernel of y is equal to L(G - D) 
which is zero since deg(G) is assumed to be less than n. So y is injective and 
hence we have 
dim C(G, D) = dim G = deg(G) 
by the theorem of Riemann-Roth. For the estimation of the minimal dis- 
tance d(C(G, D)) of C(G, D) note that if c is a codeword of weight w > 0 
then there exists a function f in L(G) such that y(f) = c, i.e., f has zero in 
{ Pi I iE Z} for some subset Zc { 1, . . . . n} of cardinality n-w. Thus f is a 
nonvanishing function belonging to L(G -C, Pi) which implies that 
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deg(G) - (n - w) > 0, i.e., w 2 n - deg(G). Of course, this inequality also 
holds for the minimal distance of C(G, D), 
d(C(G, D))>,n-deg(G). 
Combining the above inequality with the Singleton inequality [ll, p, 33, 
Chap. 1, Theorem 111 we obtain 
n + 12 dim C(G, D) + d(C(G, D)) > n. 
So if C(G, D) is not MDS then d(C(G, D)) = n - deg(G). Equality holds if 
and only if there exists a set Jc N of cardinality deg(G) such that the 
divisor CJ P,- G is principal [ 16, p. 201, Remark 2.23. Summarizing we 
obtain 
LEMMA 1. The elliptic code C(G, D) is MDS tf and only iffor all subsets 
J E N of cardinality deg( G) the divisor CJ Pj - G is not principal. 
By the way, the same construction for the rational function field leads to 
MDS codes since in that case the theorem of Riemann-Roth implies that 
dim C(G, D) = deg(G) + 1. 
Now consider a geometric Goppa code C(G, D) constructed as above. 
We have the following result. 
LEMMA 2. Let K/F, be an elliptic function field and suppose that 
P 1, ee.3 P, are n different prime divisors of degree one of K. Further, let a be 
an integer with O< a <n. Suppose that for all divisors G satisfying 
ord,, (G) = 0 for i E N and 0 < deg(G) < a the codes C(G, D), 
D:=P,+ f.. + P, are not MDS. Then for all divisors H of K satisfying 
ord,(H) = 0 for all i E N and n - a < deg(H) en the codes C(H, D) are not 
MDS. 
Proof Suppose that there exists a divisor H satisfying the given 
conditions such that C(H, D) is MDS. According to Stichtenoth [16, 
pp. 202-203, Theorem 2.5, Corollary 2.71 there exists a divisor G with 
ord,(G)=O, iENandO<deg(G)<nandavectoraEF,“ofweight nsuch 
that 
a. C(G, D) = C(H, D)‘. 
Now a code is MDS if and only if its dual is MDS [ll, p. 318, Chap. 11, 
Theorem 21 and a. C is MDS if and only if C is MDS. So, the code 
C(G, D) of MDS. Comparing dimensions we obtain deg( G) = n - deg(H), 
so 0 < deg(G) < a. This contradicts our assumption on the nonexistence of 
MDS-codes C(G, D) with 0 < deg(G) < a. 1 
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In the following sections we shall investigate three different constructions 
of elliptic codes. First, we let G be a multiple of an arbitrary divisor P of 
degree one of K and D consist of all the other prime divisors of degree one 
of K. In the second case we modify this construction slightly. We choose a 
prime divisor Q of degree one other than P and let D consist of all prime 
divisors of degree one of K different from P and Q. Finally, we set D equal 
to the sum of the prime divisors in P,(K) and let G be an arbitrary divisor 
which is only assumed to satisfy the conditions of Section 2. 
4. SOME BASIC RESULTS 
In this section we shall discuss some general facts about an elliptic func- 
tion field K. The results of this section are all well known, but since there 
is a lack of a general reference for the appropriate tools to be used in the 
following sections, we shall give a detailed presentation of these basic tools. 
We shall mainly investigate rational sublields Sz of K of degree 2 and 
study the ramification of prime divisors of degree one over Sz. 
Let 52 = F,(x) be a rational subfield of degree 2 of K and consider the 
different 3 K,R = : a. Let n, denote the divisor of poles of x. Then by 
[l, p. 279, Theorem 91 we have deg(n,) = (K : F,(x)). Let (dx) denote the 
differential attached to x in the sense of Hasse [7]. Then by [7, p. 58, 
Satz 23 we have 
(dx) = Qyr) - 2 nx, 
Hence we see that the degree of the different BK,, equals 4. 
On the other hand, application of Dedekind’s formula [S, p. 4313 yields 
T, K/Q = 32 = c p(Q). Q, 
Q 
where the sum is extended over those divisors (not necessarily of degree 
one) of K which are ramified over Sz, and Z(Q) = ramification index 
(Q) - 1 = e(Q) - 1 if char F, j e(Q) and Z(Q) > e(Q) - 1 if char F, 1 e(Q). 
In our case K/Q is of degree 2, thus e(Q) = 2 for the ramified divisors Q. 
LEMMA 3. Let Q be a rational subfield of degree two of K. If char K # 2 
then there exist at most four prime divisors of degree one of K which are 
ramified over Sz. If char K = 2 then there exist at most two prime divisors of 
degree one of K ram$ed over 0. 
ProoJ: Since deg( aK,o) = 4 we have 
; c(Q) de (Q) = 4. 
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Let char K# 2, then Z(Q) = 1 by Dedekind’s formula; we thus have 
Co deg(Q) = 4 which implies that there exist at most four ramified divisors 
Q of degree one. The assertion for char K = 2 follows from the fact that 
Z(Q) > 2 in this case. i 
Now let us study the field extension K/Q. If char K # 2 then K/Q is a 
cyclic extension of degree 2, i.e., K/s2 is galois and its Galois group is cyclic 
of order 2. If char K = 2 then the extension K/s2 is also cyclic of order two 
since the constant field of K is perfect [ 5, p. 2111. We therefore have 
LEMMA 4. If Q is a rational subfield of K of degree two then KfQ is a 
galois field extension. 
Let us consider the action of G = Gal(K/Q) on the prime divisors of 
degree one of K. G acts on the set of prime divisors of K by acting on the 
elements of the corresponding valuation ideals. For a place ( =prime 
divisor) p of !J let M, denote the set of all places of K which are extensions 
of p. It is well-known [3, p. 1011 that G acts transitively on M,. In our 
case G has only two elements hence the number of the elements of M, is 
either one or two. Considering the prime divisor p of Q as a divisor K we 
have 
p= c P. 
PEM, 
Denoting by deg,(p) the degree of p as a divisor in 52 and by deg(p) the 
degree of p as a divisor in K, we have according to [ 1, p. 272, Theorem 1, 
p. 275, Theorem 41 
W : 0) degdp) = 1 e(P) deg(P), 
PeMp 
where e(P) denotes the ramification index of P over p. Since the extension 
K/s2 is galois, all P E M, have the same ramification index and the same 
degree [3, p. lOCrlOl]. We therefore have for a prime divisor PE M, 
IM,I 4 P) deg( PI = (K : Q) de&Ad = 2degdp). (1) 
This equality implies that if P is of degree one, then deg,(p) = 1 since 
IMpI = e( P) = 2 is impossible. Hence we have 
P,(K) = u M,, 
P 
where p runs over some set of prime divisors of degree one of Sz. 
Equation (1) also shows that if M, only contains prime divisors of 
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degree one, then IMpI = 1 if and only if the extension of p to K is ramified 
over Q. If JM,I = 2, we call the elements of M, conjugate. 
LEMMA 5. n := [P,(K)1 = t + 21, where t is the number of those prime 
divisors of degree one which are ramified over some rational subfield of 
degree 2 and I is the order of a complete set of pairwise nonconjugate and 
unramified prime divisors of degree one of K. 
Let P be a prime divisor of degree one of K. According to Riemann- 
Roth there exists a function XE K which has 2P as its divisor of poles. Let 
OP denote the rational subfield F,(x) of K. Then (K: n,) =2 and if 
charK#2 then K=SZ,(y), where y’=f’(x)~SZ~[x], degf=3 and f does 
not have multiple roots [2, pp. 24251. The ramified prime divisors of K 
are either P or extensions of the divisors of zeros of irreducible factors of 
J The number of prime divisors of degree one ramified over Jz, is thus 
either 1, 2, or 4 according to whether f is irreducible in F,, decomposes in 
two irreducible factors of degree one and two, or decomposes completely 
in F,. 
LEMMA 6. If n is odd then there exists only one prime divisor of degree 
one of K ramified over np, namely P. 
Proof If char K # 2 we know by the above discussions that there exist 
one, two, or four ramified divisors of degree one over Sz,. The only case 
which is compatible with Lemma 5 is that exactly one prime divisor of 
degree one is ramified over Sz,. 
If char K = 2 then by Lemma 3 there exist at most two ramified prime 
divisors. Again the only compatible case is that of one ramified divisor of 
degree one. 1 
A tool we shall need later is a criterion with which we can distinguish 
ramified from unramilied prime divisors and find for a given prime divisor 
of degree one its conjugate over 52,. 
LEMMA 7. (a) The prime divisor Q of degree one is ramified over LJp if 
and only if the divisor 2P - 2Q is principal. 
(b) The prime divisors Q, Q of degree one are conjugate over Sz, if and 
only if the divisor 2P - (Q + 8) is principal. 
ProojI (a) 2P - 2Q E h if and only if there exists a function g E K such 
that (g) = 2Q - 2P. This means that g E L(2P) = (1, x) that is g E 52,. So 
2Q is a divisor of !SP, i.e., Q is ramified over aP. Conversely, if Q is 
ramified over Q2,, 2Q is a divisor of Sz, hence 2P- 2Q is a divisor of 
degree zero of QP hence a principal divisor in 52,, since the zero class 
group of Q, is trivial. Thus 2Q - 2P is a principal divisor in K. 
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(b) Arguing as in (a) the assertion 2P - (Q + Q) implies the existence 
of a function g E OP such that (g) = (Q + Q) - 2P. Hence Q + Q is a divisor 
of 52, and Q, Q are extensions of the divisor of zeros of g. So they are 
conjugate. The converse part if similar to (a). 1 
LEMMA 8. Let K be an elliptic function field over the constant field F,. 
Further, let P and Q be two different prime divisors of K of degree one. If 
up and vo denote the number of prime divisors of degree one of K ramified 
over 52, and 52,, then up = up. 
Proof Let L be a prime divisor of degree one of K. Define p(L) as the 
unique divisor of degree one satisfying L + Q-P-p(L) E b. It is easily 
seen that p is an injective mapping from the set of prime divisors of degree 
one of K into itself. Further, 2L - 2P E h if and only if 2p(L) - 2Q E $. Since 
p is injective this implies up < vo. Interchanging the roles of P and Q we 
obtain the assertion. 1 
5. THE FIRST CONSTRUCTION 
In this section we construct certain elliptic codes and study all cases in 
which these codes are MDS. 
The construction of the codes is as follows: Let P, P, , . . . . P, _ i denote all 
the prime divisors of degree one of the elliptic field K defined over F,. 
Further, let c1 be a positive integer less than n - 1 and define 
G:=ci.P, D:=P,+ ... +P,-l. 
We are going to study the linear code 
C(G,D) := ((f(PA ..a, (f(P,-1)) IfEL(G 
By Lemma 1, C(G, D) is MDS tf and only if for all JC N of cardinality 
deg(G) = CL the divisor CJ P, - G is not principal. 
Let Sz, be the rational subfield of K as defined in the previous section. 
We then have 
THEOREM 1. The code C(G, D) is MDS tf and only if one of the 
following conditions is satisfied: 
(a) deg(G) = 1. 
(b) n E 0 (mod 2), deg(G) = n - 2 and there exist four prime divisors of 
degree one ramtf?ed over Sz,. 
(c) n=l (mod2), deg(G)=n-2 and there exists only one prime 
divisor of degree one ram$ed over Sz,. 
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For the proof of this theorem we need several preliminary results. These 
results are all of the following type: given the finite set P,(K) equipped with 
the structure of an abelian group (which it inherits from the zero class 
group of K) there are elements in a subset of P,(K) which add up to zero. 
LEMMA 9. Let P, V, , V,, and V, be four prime divisors of degree one of 
K which are ramgied over Sz,. Then 
i/,-t I/,+ V,-3PElj. 
Proof Since there exist four ramified divisors we deduce from Lemma 3 
that char K # 2. By the discussions following Lemma 5 we have K = Q,(y), 
where y2 = f (x), deg( f (x)) = 3, and f(x) has no multiple factors. Since the 
divisors of K ramified over Q, are either P or extensions of irreducible 
factors of f(x), we see that 
and 
(f(x))=2V, +2V,+2V,-6P 
y= v,+ vz+ vj-3PZI). 1 
LEMMA 10. Assume that P and V, are the only prime divisors of degree 
one ramtfied over Sz,. Let P,, . . . . P,-, denote the other prime divisors of 
degree one of K. If n > 5 then there exist two different prime divisors Pi and 
Pi of degree one such that V, + Pi + PI - 3P E IJ. 
Proof Assume that the assertion is not true. For every prime divisor P, 
of degree one there exists a unique divisor L, of degree one of K such that 
for all 1 <j< n - 2 we have V, + P, + L,- APE h. Since V, is ramified, 
L, # V, for all j in view of Lemma 7(a). The same reasoning implies that 
L,#P for allj, So for allj with l<j<n-2 we have V,+2Pj-3P~b. 
Substracting these divisors we see that 2Pj - 2Pk E h which means, accord- 
ing to Lemma 7(a), that the divisors P, are ramified over 52,, for 
1 G/C< n - 2. Since there are only two prime divisors of degree one 
ramified over Q,, Lemma 8 implies that there exist only two prime divisors 
of degree one ramified over Q,, This implies n d 4, a contradiction. 1 
LEMMA 11. Assume that the only prime divisor of degree one ramified 
over Sz, is P. Further, let Q (#P) denote a prime divisor of degree one and 
Q denote its conjugate over 9,. Let P,(K) = {P, Q, Q, P,, ,,,, Pnp3}. Zf 
n 2 6 then there exist two different divisors Pi, PI not belonging to (P, Q, Q> 
such that Q+Pi+Pj-3P~lj. 
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Proof We define a function A from P,(K) onto P,(K) in the following 
way: If P,(K) then A(L) is the unique prime divisor of degree one such that 
Q + L + A(L) - 3P E h. A is injective since K does not contain any function 
with a single pole of order one. Hence A is also bijective. Clearly A* is the 
identity mapping and A(P) = Q in view of Lemma 7(b). Moreover, A has 
at most one fixed point: If L and L’ are fixed points of A then subtraction 
of the principal divisors Q + 2L - 3P and Q + 2L’- 3P implies that 
2L - 2L’ is principal and hence that L and L’ are ramified over Q2,. But 
since the number of prime divisors of degree one ramified over ap is one 
by assumption, Lemma 8 implies L = L’. 
Assume now that the assertion of the lemma is not true. This implies that 
for all prime divisors L of degree one not belonging to (P, Q, e, A(Q)} we 
have A(L) = L. But A has at most one fixed point. Thus there exists at most 
one prime divisor of degree one outside {P, Q, Q, A(@)> which implies 
n < 5, a contradiction. B 
Now we are prepared to prove Theorem 1. 
Proof of Theorem 1. Let u denote the number of prime divisors of 
degree one of K ramified over &J2,. 
Let us first assume that deg(G) is even. If deg(G) <n- u then we can 
choose a set J E ( 1, . . . . n - 1 } of cardinality deg(G) such that P, consists 
only of pairs of conjugate prime divisors of degree one, so by Lemma 7(b) 
we have 
hence C(G, D) is not MDS. Since we have assumed that deg(G) < n - 2, 
this argument works for the cases u = 1 and v = 2. 
It remains to investigate that case u = 4 (note that u = 3 is impossible by 
the discussions preceding Lemma 6). Since we have assumed that deg(G) is 
even and the case deg(G) < n - 4 is handled before, the case deg(G) = n - 2 
remains to be investigated. We claim that C(G, D) is MDS. Denote by Vi, 
V,, and V, the three prime divisors of K different from P and ramified over 




is principal since P,(K)\(P, I/,, V2, V,> consists of pairs of conjugate 
prime divisors (or is empty). Let P, be a subset of cardinality n - 2 of 
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{P , 9 . . . . P, _ i }. P, does not contain exactly one element of this set. Let this 
element be denoted by Q. We then have 
( 1 L-?ZP +f)= CPj+L-(n-l)P +b LEPI(K) > ( J > 
=(4 I’;-G)+(L-P)+tl. 
Hence we obtain in view of (2) 
Since the subset P, was arbitrary, this implies that C(G, D) is MDS by 
Lemma 1. This completes the discussion if deg(G) is even. 
Now assume that deg(G) is odd. Then either deg(G) is one or 
deg( G) > 3. 
If deg(G) = 1 then G = P and every set P, s {P,, . . . . P,- i} of cardinality 
one consists of just one prime divisor, hence CJ P, - G $ h since the order 
of poles of CJ P, - G is one. 
It remains to investigate the case deg( G) b 3. 
Suppose that v =4 and that V,, Vz, V, # P are ramified over 9,. 
Choose for P, the set which consists of V,, Vz, V,, and pairs of conjugate 
divisors (of course if deg(G) = 3 this set of pairs is chosen to be empty). In 
view of Lemma 7 we have 
(~P,G)+h=(V,+ V,+ V3-3PJ+I)=b, 
where the last equality utilizes Lemma 9. Thus, C(G, D) is not MDS. 
Now suppose that u = 2 and the ramified divisors are V, and P. Since il 
is even in this case by Lemma 5 and deg(G) < n - 2 we have deg(G) Q n - 3 
since deg(G) is assumed to be odd. It follows that n B 6. According to 
Lemma 10 there exist two different prime divisors Q and Q’ unequal to P 
such that VI + Q + Q’ - 3P is principal. Clearly, in this case neither Q nor 
Q’ are equal to V, . Choose for P, the set consisting of V,, Q, Q’, and pairs 
of conjugate prime divisors of degree one which are not conjugate to Q or 
Q’ (again for deg(G) = 3, P, is assumed to consist of V, , Q, Q’ only). Since 
deg(G) <n - 3 this choice for P, is possible. Now in view of Lemma 7 we 
have 
so C(G, D) is not MDS. 
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Finally, let us assume that u = 1. In this case n is odd by Lemma 5, so 
either deg( G) = n - 2 or deg( G) < n - 4. Suppose that deg( G) < n - 4. 
This implies n > 7 in view of our assumption deg(G) 2 3. Choose a prime 
divisor Q of degree one. Then Lemma 11 implies that there exist different 
prime divisors P, and P2 not belonging to (P, Q, Q} such that 
Q + PI + P, - APE h. Choose for PJ the set Q, P,, P,, and pairs of con- 
jugate prime divisors of degree one not conjugate to P,, P,, and Q. This 
choice for PJ is possible since deg(G) d n - 4. In view of Lemma 7(b) and 
the special choice of Q, P,, and P2 we have 
hence C(G, D) is not MDS. 
Now let deg(G) = n - 2. For any subset Jc (1, . . . . n - 1 > of cardinality 
n - 2 there exists exactly one prime divisor Pi of degree one which does not 
belong to PJ. So P, is the union of {pi} and a set consisting of pairs of 
conjugate prime divisors of degree one. So by Lemma 7 
(? .- > PI G +E)=(Pi-P)+b#t). 
Since J was an arbitrary subset of f 1, .,., n - 1 > this implies that C(G, D) 
is MDS. This completes the proof of Theorem 1. n 
COROLLARY 1. If char (K) = 2 and deg(G) > 1 then C(G, D) is MDS if 
and only if deg(G) = n - 2 and 
where IDi is the ith ram$‘cation group of K/Q, at P, 9 = Gal(K/O,) and E 
is the group consisting of one element. 
Proof: Let deg(G) > 1. Then according to Theorem 1, C(G, D) is MDS 
if and only if v = 1 and deg(G) = n - 2 since u < 2 by Lemma 3. But v = 1 
is equivalent to aKlnP = 4P. Since we have [l, p. 953 
ordp(~KIRp) = C (IBit - 1) 
i>O 
the equality aKlnP= 4P is only possible when 
IBOI = IBII = l&l = I%1 =2 
and 
I2J),l=l. I 
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The following example shows that there are elliptic function fields 
satisfying the conditions of the above corollary. 
EXAMPLE. Consider the finite field F, = F2[x]/(x2 + x + 1). Denote the 
elements of F, by (0, 1, w, o”}. The field K defined as 
K = F&G Y), y*+y=x3+x2+ 1 
is an elliptic function field. In [4, pp. 24-281 it is shown that the different 
of this function field considered over F, is 4P, where 2P is the divisor of 
poles of X. Since F, is perfect, a constant field extension does not change 
the different [ 1, Chap. 151 so the different of K is also 4P. This means that 
the series of ramification groups at P is the one stated in the corollary. For 
the explicit construction of the codes we need first the prime divisors of 
degree one of K. According to Section 8, these correspond to the F,- 
rational points of the curve with the above equation. A simple computation 
shows that K has the following F,-rational points, 
We have D = P, + P, + P, + P, and G = aP for some integer a satisfying 
1~ a < 3. If a = 1 then G = P and L(G) is generated by the constant func- 
tion 1. Of course, this code is MDS since every nonzero codeword is of 
weight 4. 
Suppose CI = 2. Then the above corollary implies that C(G, D) is not 
MDS. In fact, L(G) is generated by 1 and x, so we obtain the following 
generator matrix for C(G, D) 
Since the second row of this matrix has weight 2, this code is not MDS. 
Finally, let a = 3. According to the above corollary, this choice should 
yield an MDS code. In this case, L(G) is generated by 1, x, y and C(G, D) 
has the following generator matrix 
1 1 1 1 
i i 
0011. 
w co* Co co* 
A simple computation shows that this code is MDS, in accordance to the 
corollary. In fact, this code is an extended generalized Reed-Solomon code 
(cf. Section 8). 
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6. THE SECOND CONSTRUCTION 
In this section we shall introduce another construction for elliptic codes 
which is described as follows: 
Let the elliptic function field K have n prime divisors of degree one and 
denote them by P, Q, P,, . . . . P,-,. SetD=P,+ ... +P,-,andG=crPfor 
some integer a satisfying 0 c a < n - 2. We shall investigate in the following 
in which cases the resulting code C(G, D) is MDS. 
THEOREM 2. C(G, D) is MDS if and only if one of the following condi- 
tions is satisfied. 
(a) deg(G) = 1. 
(b) There exist only two prime diuisors P and V of degree one ramified 
over Sz,, Q is unramified over Qnp, deg(G) = n - 3 and V + 20 - 3P E I$. 
(c) Q is ramified over fip and deg(G) = n - 3. 
The following lemma shows that the assumptions of case (b) of 
Theorem 2 are sufficient for C(G, D) to be MDS. 
LEMMA 12. Let K, G, D, and Q be as above. Suppose that P and V are 
the only prime divisors of degree one ram$ed over Sz, and Q # V. Suppose 
further that deg(G) = n - 3 and V+ 20 - APE @. Then C(G, D) is MDS. 
Proof: Denote the elements of P,(K) by P, V, Q, &, P,, . . . . Pne4. Then, 
since P,(K)\{P, V} consists of pairs of conjugate prime divisors, we have 
in view of Lemma 7 
( 




Let P, be a subset of P,(K)\{P, Q} o cardinality n - 3. Then exactly one f 
of the elements of P1(K)\{P, Q>, say M, is not contained in P,. In view 
of (3) we obtain 
+(M-P)+(Q-P)+t)=(V-P)+@ (4) 
In view of V+~Q-~PE~) the only divisor Msatisfying (M+Q--2P)+b= 
(V- P) + h is Q. So for all subsets P, of P,(K)\{ P, Q} or cardinality n - 3 
the divisor CJ Pj - G is not principal, which in turn yields that C(G, D) 
is MDS. 1 
Before starting with the proof of this theorem we have to do some 
preliminary work which is done in the following lemmas. These lemmas all 
deal with the following problem: For given k and MS P,(K) do there exist 
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k different elements in M which add up to zero? This is a problem we are 
not going to discuss in full generality. We only deal the cases where k is 
three or four and A4 contains all but two prime divisors of degree one. We 
shall see that these results are enough for our purposes. 
LEMMA 13. Let K be an elliptic function field, PEP,(K) and assume that 
there exist three prime divisors of degree one other than P ramified over CIp. 
Denote these by V,, V,, and V,. Let Q be an unramified prime divisor of 
degree one and let Q denote its conjugate over Sz,. Then there exist different 
indices i, j E { 1,2, 3) and an unramified prime divisor P’ q! {Q, Q} such that 
v,+ v,+Q+P’-4PEt). 
Proof Assume that the assertion is not true. Choose two different 
indices i, j E ( 1,2, 3 >. Then there exists a prime divisor P of degree one 
such that the divisor Vi + k’j + Q + P - 4P is principal. In view of Lemma 7 
and Lemma 9, P is unramified over ft, and hence FE (Q, Q}. Again 
Lemma 9 implies p# Q so P= Q. Hence, V, + V, + 2Q-4P and 
V2 + V, + 20 - 4P are both principal. Subtraction of these divisors yields 
the contradiction V, - V, E b. 1 
LEMMA 14. Let K be an elliptic function field, P E P,(K) and assume that 
there exists besides P only one prime divisor V of degree one ramified over 
Sz,. Further, let Q E P,(K) be unramt>ed over Sz, and denote by Q its con- 
jugate over 52,. Zf [P,(K)1 89 then there exist two different nonconjugate 
prime divisors P,, P, 4 {Q, Q} such that the divisor V+ P, + P, - 3P is 
principal. 
Proof For every LE P,(K) there exists a unique A(L) E P,(K) such that 
V + L + A(L) - 3P is principal. d2 is the identity mapping. Since A(V) = P, 
the set {V, P, Q, A(Q), 0, A(o)} =: S is invariant under A. Now assume 
that the assertion of the lemma is not true. Then every L $ S is a fixed point 
of A. But the same arguments as in the proof of Lemma 11 show that A has 
at most two fixed points which implies the inequality jP,(K)l < 8, a 
contradiction. 1 
COROLLARY 2. Assumptions being the same as in the above lemma, if 
V+~Q-~PE~ then we can reduce the condition IP,(K)I 29 to [P,(K)1 25. 
Proof The assumption V + 2Q - 3P E h implies that Q is a fixed point 
of the mapping A defined in the proof of Lemma 14. Adding V+ 2Q - 3P 
to V + 2Q - 3P yields a principal divisor. Hence V + 2Q - 3P is also prin- 
cipal. So Q is also a fixed point of A. Since A has at most two fixed points, 
no element outside S := {P, V, Q, Q} is left fixed by A. Since [P,(K)1 > 5 is 
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assumed, there exists an element L outside S such that A(L) #L, i.e., there 
exist L, L’EP~(K)\(P, V, Q, Q} with V+L+L’-3P~t). 1 
LEMMA 15. Let K be an elliptic function field, PEP,(K) and Q #P a 
prime divisor of degree one ram$ed over 52,. If IP,( K)I > 8 then there exist 
three different prime divisors L, L’, L” E P,(K)\{ P, Q} such that the divisor 
L + L’ + L” - 3P is principal. 
Proof: By v we denote the number of prime divisors of degree one of K 
ramified over CJp. The assumptions imply that v 22 so VE {2,4}. Assume 
first that v =4 and set P,(K) = {P, Q, V,, V,, P,, . . . . Pnp4}, where V, and 
V, are the other ramified divisors. Again, we define a function A from 
P,(K) onto P,(K) by V,+L+A(L)-3Przb. Then A(P)= V,, A(Q)= V,, 
so the set {V,, V,, Q, P} is invariant under A. Assume that the assertion 
of the lemma is false. This implies in the usual manner that A(L) = L for 
all L outside this set. But since A possesses at most four fixed points this 
implies IP,(K)J < 8 so we are done in the case IP,(K)I > 9. Now assume 
that IP,(K)I = 8. We introduce another mapping A, defined by 
V, + L + A,(L) - 3P E h. Of course, the same results do also hold with V, 
instead of V,. In particular we obtain the two inconsistent assertions 
V,+2P,-3Pet) and V,+~P,-~PE~). 
Now suppose that v = 2. We fix a prime divisor L of degree one 
unramilied over 52, and define for this a new mapping A from P,(K) 
onto itself by L + M + A(M) - APE h. Again, we assume the assertion of 
the lemma to be false. This implies that all the divisors outside 
{P, z, Q, A(Q), L, A(L)) are left invariant by A. Since A has at most two 
fixed points by Lemma 8 we obtain the desired contradiction in the case 
IP,(K)I 2 9. 
It remains to investigate the case IP,(K)I = 8. The addition theorem [5, 
pp. 208-2101 implies that P,(K) is a group of order 8 with identity element 
P and a unique involution Q. Therefore P,(K) is a cyclic group of order 8. 
Let L, E P,(K) denote its generator and set L, := 2L, and L3 := 3L,. Since 
L2 and L3 also have order 8, they do not coincide with either P or Q. 
Furthermore, the addition rule in P,(K) [S, pp. 20%2101 implies 
L,+L*+L3-3PEb. 1 
Proof of Theorem 2. Denote the elements of the set P,(K) of prime 
divisor of degree one of K by P, Q, P,, . . . . P,- *. For an unramilied prime 
divisor L of degree one we denote by 1 its conjugate over fip. Further, let 
v be the number of the prime divisors of degree one of K ramified over np. 
Since the case deg(G) = 1 leads trivially to an MDS code (cf. Section 5), we 
suppose further that deg(G) > 1. 
Let us first consider the case where Q is ramified over Sz,. This implies 
v 2 2 from which we deduce that n is even. 
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Suppose that deg(G) is even. Thus 4 d deg(G) < n - 4 since II is even and 
deg(G) 6 n - 3 is assumed. This implies n 2 8. Choose for P, a subset of 
P,(K)\ { P, Q> consisting of pairs of conjugate divisors over Sz,. In view of 
Lemma 7 the divisor CJ P, - G is principal and hence C(G, D) is no? AIDS. 
Now suppose deg(G) is odd. If deg(G) < IZ - 5 then the assumption 
deg(G) > 3 implies n 2 8 so we can use Lemma 15 to see that there exist 
three different prime divisors L, L’, L” E P,(K)\{ P, Q} such that 
L+ L’+ L” - 3P is principal. Now we choose P, as a subset of 
- -, P,W)\(f’, Q, L L 3 p} such that P,\ { L, L’, L” } consists of pairs of con- 
jugate divisors. Of course, trivial modifications are to be made if one of the 
divisors L, L’ or L” is ramified. In view of Lemma 7 we see that CJ P, - G 
is principal which implies that C(G, D) is not MDS. Suppose now that 
deg(G) = n - 3. Any subset P, of {P,, . . . . Pnez} does not contain exactly 
one of the divisors Pi. If v = 4 then two of the divisors P, , . . . . P, ~ 2 are 
ramified, say P, and P,. If P, does not contain one of these divisors, say 
PI, then (&P,-G)+t)=(P,-P)+t)#t). Otherwise (CJPj-G)+b= 
(P1+P,+Pk-3P)+t)#t) for some k with 3<k<n-2 in view of 
Lemma 7. So, if deg(G) = n - 3 then C(G, D) is MDS. 
Now we study the case where Q is unramilied over Sz,. 
Suppose that deg(G) is even. If deg(G) < n - v - I then we can choose P, 
as a set consisting of pairs of conjugate divisors unequal to Q or Q which 
implies that C(G, D) is not MDS. So, assume that n - u < deg(G) <n - 3. 
If v = 4 then n is even and hence deg(G) = n - 4. Lemma 13 implies the 
existence of an unramilied prime divisor P’ of degree one such that 
V, + Vz + Q + P’ -4P is principal (with the notations of Lemma 12). Now 
let P,= (P,, . . . . P+,}\{ V,, F>. Th’ IS implies in view of Lemma 7 that 
CJ Pi- G is principal. Since the cases v = 2 and v = 1 lead to trivial 
inequalities, the discussion of the case where deg(G) is even is complete. 
Suppose now that deg(G) is odd. So deg(G) 2 3. 
If v = 4 and I’, , V,, Vj are the ramified prime divisors different from P, 
then we can choose P, as the union of the set of Vi and a set consisting 
of pairs of conjugate divisors of degree one. With this choice of P, we see 
that CJ Pi- G is principal in view of Lemma 7. 
Suppose u = 2. Let V denote the prime divisor of degree one unequal to 
P ramified over Q2,. If V+ 20 - 3P is not principal there exists a divisor 
L 6 ( P, Q, Q, V} such that V+ Q + L - 3P is principal. Taking P, as the 
union of ( V, &, L> and a set of pairs of conjugate prime divisors of degree 
one different from Q, Q, L, or L we see that CJ Pi- G is principal. So, 
suppose that V+ 2Q - 3P is principal. Since the case deg(G) = n - 3 leads 
to an MDS code by Lemma 12, let us assume further that deg(G) < n - 5. 
Corollary 2 implies that there exist two different prime divisors P1 and P, 
belonging to the set P,(K)\ { P, Q, V, Q} such that I’+ P, + P,-3P is a 
principal divisor. Let P, be a subset of P,(K) consisting of P, , P,, V, and 
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(deg(G) - 3)/2 pairs of conjugate prime divisors of degree one. Such a set 
P, exists since the set 
P,(K)\{R Q, K a PI, p,, PI> P2) 
has cardinality n - 8 > deg(G) - 3 and consists of pairs of conjugate prime 
divisors of degree one. By the choice of P, the divisor CJ Pi - G is prin- 
cipal. Hence C(G, D) is MDS. 
Now suppose that v = 1. This implies that n is odd. So deg(G) < n -4 
and thus n > 7. Lemma 11 implies the existence of a set P, such that 
CJ Pj - G is principal. This completes the proof of the theorem. 1 
Remark. If there exist exactly two prime divisors P and V of degree one 
of K which are ramified over 8, and Q is unramified over 52,, then the 
condition V + 20 - 3P E h is equivalent to 4Q -4P E h and hence, 
geometrically speaking, to the condition that Q is a 4-division point of the 
corresponding elliptic curve. In fact the action of the nontrivial 
automorphism of K/Q, on V+ 2Q - 3Pelj yields V+ 2Q - 3Pe l+ 
Summation of these divisors gives 4Q - APE h. On the contrary, suppose 
that 4Q - 4P E h. This implies 4Q - 4P E h as is easily seen by the action of 
the Galois group of K/Q,. There exists a unique divisor L of degree one 
of K such that L + 2Q - 3P is a principal divisor. Of course L #P, since Q 
is assumed to be unramified over !Z2,. Multiplying L + 20 - 3P by 2 we 
obtain 2L - APE h. Hence, L is ramified over QR,. Since the only divisors 
of degree one ramified over 52, are assumed to be P and V we obtain 
L= Vand hence V+20-3Pet). 
7. THE THIRD CONSTRUCTION 
In this section we describe another construction for elliptic codes quite 
different from the previous two constructions. The major difference of these 
constructions is that now we deal with arbitrarily chosen divisors G which 
are only assumed to satisfy the conditions stated in Section 2. The divisor 
D is assumed to contain all the prime divisors of degree one of K. In the 
following we shall investigate in which cases the code C(G, D) is MDS. 
Before going into details, let us look at the following example: 
Consider the elliptic function field K= F,(x, y), where x and y are 
related by the equation 
y’=(x-1)(x+1)(x-2). 
K contains only four prime divisors of degree one which are all ramified 
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over F,(x). If we denote these divisors by Pi, . . . . P4 then F,(x) = Sz, in the 
notation of Section 4. Moreover we have 
(x- 1)=2P,-2P,, (x+ 1)=2P,-2P,, (x - 2) = 2P4 - 2P,. 
Let G denote the divisor of zeros of (x). Then G is of degree 2 and is not 
decomposable into divisors of degree one. Set D = P, + .. . + P,. Since 
{Lx-‘} is a basis of L(G), C(G, D) has the following generator matrix 
( 
1 1 1 1 
0 l-l-2 > 
which is the generator matrix of an extended generalized RS-Code [13]. 
Hence C(G, D) is MDS. 
Let us fix a prime divisor P E P,(K) and denote by v the number of prime 
divisors of degree one ramified over 52,. Motivated by the above example, 
let us call the case IP,(K)I = u the trivial case and codes which are derived 
in this situation trivial codes. Trivial codes and codes C(G, D) with 
deg(G) = 1 are the only codes for which the proof of Proposition 1 below 
fails. The above example shows why the proof fails for trivial codes. The 
case of codes with deg(G) = 1 is handled by the following lemma. 
LEMMA 16. Zf deg(G)= 1 then C(G, D) is not MDS. 
Proof: The set C, of divisors of K of degree zero is a group containing 
the group h of principal divisors. The factor group C, := C$h is called the 
zero class group of K. It is well known [S, pp. 207-2081 that there is a 
bijection between C, and P,(K). Fixing a prime divisor Q E P,(K) the 
bijection implies that for a divisor A of degree zero there exists a unique 
divisor L, E P,(K) such that A + lo = (LA - Q) + Ij. 
Since deg(G) = 1 the degree of G - Q and is zero there exists a unique 
divisor P E P,(K) such that (G - Q) + h = (P - Q) + h, i.e., G - P E h which 
implies that C(G, D) is not MDS. 1 
Now we are ready to formulate the main theorem of this section: 
THEOREM 3. Let K, G, D, and C(G, D) be defined as above. Moreover 
suppose that C(G, D) is not trivial and deg(G) 2 2. Then C(G, D) is not 
MDS. 
Again, before proving the theorem we need to do some preliminary 
work. 
By Lemma 8 we can associate to every elliptic function field a number v 
which is defined to be the number of prime divisors of degree one ramified 
over a subfield 1;2, of K for some P E P,(K). Let us call this number the 
involution number of K. The reason for this is that v - 1 is the number of 
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involutions of the class group of K, which can be seen using the addition 
theorem on K [S, p. 208-2101. First, we need the following proposition. 
PROPOSITION 1. Let K, G, D, and C(G, D) be as above. 
(a) Zfn = deg(D) is odd and 0 < deg(G) < (n + 3)/2 then C(G, D) is not 
MDS. 
(b) Zf n = deg(D) is even, v = 2 and 0 < deg(G) < n/2 then C(G, D) is 
not MDS. 
(c) Zf n =deg(D) is even, v = 4 and 0 <deg(G) <n/2 then C(G, D) is 
not MDS. 
Proof of Proposition 1. Since by Lemma 16, C(G, D) is not MDS if 
deg(G) = 1, we assume that deg(G) > 2. 
Assume that C(G, D) is MDS. Let I& N be of cardinality deg(G) - 1. 
Since deg(G) 22, Z is not empty. The theorem of Riemann-Roth implies 




is a principal divisor. Since C(G, D) is assumed to be MDS, P belongs to 
PI. Define Pr:=P,{P}. Then, C,Pi+P-G=2P+&,Pi-G, so 
2P+c Pi--GE~,I. 
Consider the rational subfield 0, of index two of K. By definition, the 
involution number v is the number of prime divisors of degree one of K 
which are ramified over OP. Further, let 9 denote the Galois group of 
luln,. 
9 acts on the set P, of prime divisors of degree one of K as described 
in Section 4. The only fixed points of this action are the v ramified points. 
The length of the orbit of every other point is two. So the cardinality of a 
complete set of representatives of the orbits is 
$ (deg(D) - v) + v = 1 (deg(D) + u). 
Since deg(D) # u, every subset of cardinality greater than (deg(D) + u)/2 
contains two conjugate unramified prime divisors of degree one. Since P is 
ramified over Q, and P$ P,\P, we see that the set P,\P, contains two 
conjugate unramified prime divisors Q and Q of degree one, whenever 
1 P,\P,J > (deg(D) + v - 2)/2 holds. 
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Thus, whenever 
n - deg(G) + 1 > i (deg(D) + u - 2) 
holds, C(G, D) is not MDS. 
(5) 
Suppose that n is odd, so u = 1. Then, by the assumptions in (a) the 
degree of G satisfies (5) and hence C(G, D) is not MDS. If n is even and 
u = 2, then the assumption deg(G) < n/2 implies 
n-deg(G)+ 1 Bn/2+ 1 >n/2. 
So, deg(G) satisfies (5) and hence C(G, D) is not MDS. If n is even and 
u = 4, the assumption deg(G) < n/2 implies that deg(G) satisfies (5) in a 
similar manner. Hence C(G, D) is not MDS. 1 
Proof of Theorem 3. Application of Lemma 2 to the previous proposi- 
tion proves the theorem in the cases 
. n odd, 
. n even, u = 2, 
l n even, u = 4, and deg(G) # n/2. 
In the following we shall discuss the case where n is even and 
deg( G) = n/2. 
Assume that there exists a nontrivial code C(G, D) with 1 < deg(G) = 
deg(D)/2 which is MDS. 
For a subset Is N define A(Z) by C, Pi + A(Z) - GE h. A is a mapping 
from the set of subsets of P,(K) of cardinality deg( G) - 1 into P,(K). Let 
us denote by Sz, the rational subfield sZ,(,,. By Lemma 8 the number o(Z) 
of prime divisors of degree one ramified over Sz, equals 4. Furthermore, it 
is easy to see from Lemma 13 that whenever the involution number of K/F, 
is four, the number n of prime divisors of degree one of K is greater than 
6. So we can assume that deg(G) > 3 is satisfied. 
The proof proceeds in several steps. 
ASSERTION 1. For all subsets Is N of cardinality deg(G) - 1 the set 
P,\P, does not contain a pair of prime divisors of degree one which are 
conjugate over Sz,. 
Proof: Let Z be a subset of N of cardinality deg(G) - 1. Suppose that Q 
and Q are prime divisors of degree one of K which are conjugate over 52,, 
that is we have Q + Q-~A(Z)E h. The definition of A(Z) implies that the 
divisor 24(Z) + & Pi - G E h, where P,. is defined by Pr = P,\{d(Z)}. 
Adding these principal divisors we obtain & Pi + Q + & - G E IJ. So, since 
C(G, D) is assumed to be MD& either Q or Q belongs to Pr and hence to 
P,. This proves our assertion. 
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ASSERTION 2. Let Z be a subset of N of cardinality deg(G) - 1. Then 
P,\P, contains all prime divisors of degree one ramified over Sz, and 
different from A(Z). Furthermore, no two prime divisors of P, are conjugate 
over 52,. 
Proof. Let Z be as in Assertion 2. Since there are exactly four prime 
divisors of degree one ramified over Sz,, the number of prime divisors of 
degree one which are pairwise nonconjugate over Sz, equals (n - 4)/2 = 
deg(G) - 2. So by Assertion 1, P,\P, contains at most deg(G)- 2 prime 
divisors of degree one which are not ramified over Sz,. On the other hand, 
since A(Z) belongs to P,, P,\P, contains at most three prime divisors of 
degree one ramified over n,. But deg(G) - 2 + 3 = deg(G) + 1 = IP,\P,I, so 
P,\P, contains exactly deg(G) - 2 prime divisors of degree one which are 
unramified over QR, and exactly three prime divisors of degree one ramified 
over R,. 
Since P,\P, contains a complete set of prime divisors of degree one 
which are unramilied and pairwise not conjugate over 52,, the same holds 
for P,. 
ASSERTION 3. Let Z be a subset of N of cardinality deg(G) - 1. Further, 
let Q E P, be a prime divisor of degree one unramified over a, and denote by 
Q its conjugate over S2,. Set P, := (Pl\(A(Z)}) u {Q}. Then A(J) = Q. 
ProoJ: First note that by the previous assertion Q does not belong to 
Z, so P, has cardinality deg(G) - 1 and hence A(J) is defined. Since 
C, Pi+ A(Z) - G and CJ Pi + A( .Z) - G are principal divisors, the divisor 
C, Pi + A(Z) - CJ Pj - A(J) = 24(Z) - Q - A(J) is also principal. In view of 
Lemma 7 this implies A( .I) = Q. 
ASSERTION 4. Given two different prime divisors Q and Q’ of degree one 
there exists a subset P, of N of cardinality deg(G) - 1 such that 
{Q, Q’l~p, andA(J)E {Q, !i?>. 
Proof Since deg(G) > 3 there is a subset of P, of P, of cardinality 
deg(G) - 1 which contains Q and Q’. If A(Z) E {Q, Q’} we are done. 
Otherwise Q and Q’ are not conjugate over Sz, by Assertion 2. Denote by 
Q the conjugate of Q over G2,. Set P, := (P,\(A(Z)}) u {Q}. By Assertion 3 
we have A(J) = Q. This completes the proof of Assertion 4. 
Now Assertion 4 yields the desired contradiction: Take a prime divisor 
Q of degree one. Then, since v = 4 is even, there exists another prime 
divisor Q’ of degree one which is ramified over 52,. By Assertion 4 there 
exists a subset P, of P, of cardinality deg(G) - 1 which contains both Q 
and Q’ and for which A(J) E {Q, Q’}. S ince P, contains two prime divisors 
274 MOHAMMADAMINSHOKROLLAHI 
Q and Q’ ramified over Sz,, P,\P, contains at most two prime divisors of 
degree one ramified over Sz,, a contradiction to Assertion 2. 1 
8. THE TRIVIAL CODES 
In this section we want to investigate the trivial codes of the last section. 
Let us recall the situation: 
K is an elliptic function field over a finite field F,. P,(K) consists of u 
prime divisors all ramified over a rational subfield 1;2, for some P E P,(K). 
G is a divisor of K satisfying the conditions 0 < deg(G) < v and ordp,(G) = 0 
for Pi E P,(K). Taking D as the sum of the v divisors in P,(K) we can con- 
struct the geometric Goppa code C(G, D) and ask for its minimal distance. 
As we saw in the last section, there are choices for K and G which yield 
MDS codes. The MDS codes which arise in this situation can be classified 
very easily: they all belong to the class of generalized Reed-Solomon codes 
(Lemma 20). What is more difficult is an answer to the question which 
choices of K and G lead to such MDS codes. In the following we shall give 
a partial answer to this question. 
First, let us investigate which values of v = P,(K) can lead to MDS 
codes. By Lemma 5 the only possible values for u are 1, 2, and 4. Of course 
v should be greater than 1, since 0 < deg(G) < u is assumed. The case Y = 2 
leads to deg(G) = 1. But then C(G, D) is not MDS by Lemma 16. So, v = 4. 
Now, for u = 4, there are three choices for deg(G), namely deg(G) = 1, 
deg(G) = 2 and deg(G) = 3. We can abandon the case deg(G) = 1 by 
Lemma 16. Also the case deg(G) = 3 can be abandoned, since if there 
existed an MDS code C(G, D) with deg(G) = 3, then by Lemma 2 there 
would exist a divisor H of degree one satisfying ord.(H) = 0 for all 
PEP,(K) such that C(H, D) = a. C(G, 0)’ for some a E Fi of weight u. 
But since the dual of an MDS code is again MDS [ll, Chap. 11, 
Theorem 23, this would contradict Lemma 16. So we arive at 
LEMMA 17. For C(G, D) to be MDS it is necessary that v = 4 and 
deg( G) = 2. 
Let G be a divisor of degree 2 satisfying the above conditions. Then G 
has a decomposition of the form G = G, - G,, where G, and G, are 
positive divisors which do not have any prime divisor in common. G, is 
called the divisor of zeros and G, is called the divisor of poles of G. By 
Lemma 1, the assumption that C(G, D) is MDS is equivalent to the 
assertion that for all P E P,(K) the divisor G, - (G, + 2P) is principal. This 
means that 
(Go - deg(Gd f’) + b = (Cm - deg(G,) P) + b 
MINIMUM DISTANCE OF ELLIPTIC CODES 275 
is satisfied for all prime divisors PEP,(K). Since the divisors in P,(K) are 
assumed to be ramified over a rational subfield 52, for some P E P,(K), the 
above equality holds for all the prime divisors in P,(K) if and only if it 
holds for only one element of P,(K) in view of Lemma 7. In the following 
we shall fix an element of P,(K) and call it P. The remaining elements of 
P,(K) are denoted by P,, P2, and P,. 
Since u = 4 implies char(K) # 2 by Lemma 3, K has a Weierstral3 model 
[2, pp. 24251, i.e, K= F&x, v), where x is an indeterminate over F, and 
there exists a manic separable polynomial f(x) of degree 3 such that 
Y2 =f(x). 
To be more specific, there exists such a WeierstraD model for every prime 
divisor of degree one of K. The relation between the models and the 
divisors is the following: if K= F&x, y) is a model related to P, then 
ord,(y) = - 3 and ord,(x) = -2. Moreover, X2, = F,(x) by the definition 
of sz,. 
Let K= F&x, y), y2 =f(x) be the WeierstraB model associated to the 
prime divisor P of P,(K). Sincef(x) is separable, this model is nonsingular; 
hence there is a one to one correspondence between the F,-rational points 
of this model defined as 
((~0, YO, zo) E P’(F,) I y;zo = zif(xo/zo)) 
(P2(F,) is the projective plane over F4) and the set P,(K) which goes as 
follows [9]: the point (0, 1,0) corresponds to P (note that there is only 
one point with vanishing z-coordinate). The pair of points (x0, y,, 1) and 
60, -y,, 1) for y, # 0 corresponds to the divisor of zeros of the principal 
divisor (x-x0). The points of the form (x0, 0, 1) correspond to the 
ramified divisors of K. To be more specific, (x0, 0, 1) corresponds to Q if and 
only if (x - x0) = 2Q - 2P. Note that in the last case x0 is a zero of f(x). 
Using the above correspondence, we call two points of the model con- 
jugate if and only if the corresponding prime divisors are conjugate over 
Sz,. Of course, (xl,ylr 1) and (x2,y2, 1) and conjugate if and only if 
xi =x2 and y, = --y,. 
Assume that G is a positive divisor or equivalently G, = 0. Then G must 
be a prime divisor of degree two, since we have assumed ordo = 0 for 
all Q E P,(K). Since the degree of a prime divisor is defined to be the degree 
of its residue class field over the constant field, after a constant field exten- 
sion of degree 2, G becomes a sum of two prime divisors p and pQ of degree 
one of g := KF$. Here e is the Frobenius automorphism of FJF, which 
acts on the set of prime divisors of K by acting on the corresponding valua- 
tion ideals. By the above discussions, for C(G, D) to be MDS, it is 
necessary and sufficient that p + p” - 2P is a principal divisor. This means 
601/93/2-l 1 
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in view of Lemma 7 that p and p” should be conjugate over 6, := Q,F,z. 
Taking a WeierstraD model over K associated to P (note that P is also a 
prime divisor of degree one of g) we obtain for the coordinates (xi, y,, 1) 
of p and the coordinates (x2, y,, 1) of p” the following relation 
So p and p” are conjugate if and only if 
x”=x 1 11 Y; = -Y1 
by the above discussions. This means that G = p + p” should be the divisor 
of zeros of the principal divisor (x-x0) for some X~E F, which is not a 
zero of f(x). On the other side, if G is the divisor of zeros of (x - x0) for 
some X~E F, which is not a zero f(x), then G-2P= (x -x~)E~ so 
C(G, D) is MDS. Thus we have 
LEMMA 18. Let P be a fixed divisor in P,(K) and K = F&x, y), y2 =f(x) 
be a WeierstraJ model associated to P. If the divisor G is assumed to be 
positive then C(G, D) is MDS f and only if G is the divisor of zeros of the 
principal divisor (x - x0) for some x0 E F, which is not a zero off(x). 
Now note that since K is assumed to have four prime divisors ramified 
over Q, and the divisors P,, Ps, and P, correspond to the zeros of f(x), 
the polynomial f(x) must be completely reducible in F,, that is, 
f(x) = (x - a)(x - b)(x - c) for some a, 6, c in F,. On the other hand, since 
K should only have these prime divisors of degree one by assumption, the 
polynomial f(x) must only yield zero or nonsquares as x runs over the 
elements of F,. Let us call such a polynomial normalized. 
If q = 3 then there exists only one normalized polynomial over F,, 
namely x(x- 1)(x- 2). Since all the elements of F, are zeros of this poly- 
TABLE I 
Normalized Polynomials for q E { 5, 7, 9) 
q=5 q=7 q=9 
x(x-1)(x-3) x(x-1)(x-3) x(x - w’)(x - 05) 
.x(x-2)(x-3) x(x-2)(x - 6) x(x-d)(x-co’) 
x(x-2)(x-4) x(x-4)(x-5) (x-1)(x-c&-CO’) 
(x-1)(x-2)(x-4) (x-1)(x-2)(x-4) (x-l)(x-cDS)(x-~~) 
(x-1)(x-3)(x-4) (x-1)(x-5)(x-6) (x - w)(x - 02)(x - co‘+) 
(x-2)(x-3)(x-5) (x-03)(x-d)(x-d) 
(x-3)(x-4)(x-6) 
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nomial the codes C(G, D) where G is a positive divisor of degree 2 are not 
MDS. 
For q > 3 the above lemma implies that any normalized polynomial 
leads to MDS codes. Table I contains a complete list of the normalized 
polynomials for qE (5, 7, 9}. In this table F, is represented as 
F3[x]/(x2+x-i)andwisarootofx2+x-1. 
The Husse-Weil inequality [S, p. 3211 states that if K is an elliptic 
function field over F, then 
q+l-2&<IP,(K)IQq+1+2&. 
So if 4 < q + 1 - 2 & there does not exist any elliptic function field K over 
F, having only four prime divisors of degree one. Solving this inequality for 
q we obtain 
LEMMA 19. Zf q > 9 then any elliptic function field over F, has more than 
four prime divisors of degree one. 
Since in the situation we are considering K has exactly four prime 
divisors of degree one, we see that q < 9. Since these prime divisors are all 
ramified over Sz,, q is not a power of 2, so qE { 3, 5,7,9>. We thus obtain 
THEOREM 4. Let K be an elliptic function$eld over F, with exactly four 
prime divisors of degree one which are ramified over a rational subfield Q, 
for some P E P,(K). Assume that q > 3. Let D denote the sum of the prime 
divisors in P,(K). Then there exists a prime divisor G of degree 2 such that 
C(G, D) is AIDS tf and only tf K has a WeierstraJ model y2 = f(x), where 
f(x) is a normalized polynomial contained in Table I. 
Proof The only assertion left to prove is that the polynomials given in 
the above list are independent of the choice of the divisor P. But this is 
easily seen since the divisors in P,(K) are all ramified over Sz, so Sz, = Sz, 
for QEP~(K). 1 
It should be noted that different normalized polynomials do not 
necessarily yield different function fields. In the following we shall discuss 
the different isomorphism types of elliptic function fields arising from the 
normalized polynomials of Table I. 
Let an elliptic function field K be given in the Weierstrab normal form 
K= F&G Y), y2=(x-e,)(x-e2)(x-e3). 
Putting 1 := (e3 - e,)/(e, - e,), the j-invariant of the field is defined to be 
j(K) := 2’ 
(122-A+ 1)3 
A*(/&l)* . 
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It is well known that two elliptic function fields over an algebraically closed 
constant field are isomorphic if and only if their j-invariants are equal [ 15, 
p. 50, Prop. 1.41. 
In the case q = 5 the j-invariants of the elliptic fields which arise from the 
normalized polynomials of Table I are computed to be 3. The following is 
a list of isomorphisms for these fields. In this list the mth isomorphism is 
an isomorphism of the field generated by the first polynomial onto the field 
generated by the mth polynomial in the table. 
xH(X--2, y++y; 
x-(x-4), y++y; 
XH(X- l), Y-Y; 
XH(X-33, y++y. 
In case q = 7 the j-invariant of the field given in Table I equals 0. The 
following list of isomorphisms shows that the elliptic function fields 







This implies that the normalized polynomials of Table I all generate the 
same field if q = 7. 
The function fields generated by the normalized polynomials in the case 
q= 9 are of a very interesting type. If we compute the Weil-numbers of 
these fields defined as the unique pair of algebraic integers 7c and E satis- 
fying 9 - (a + ii) = 4, KE = 9 we obtain rr = 7t = 3. So R is an integer which 
means that the corresponding function fields are supersingular [ 10, p. 256, 
Prop. 6.21. In [15, pp. 140-1441 it is shown that all supersingular elliptic 
function fields over a field of characteristic 3 are isomorphic over the 
algebraic closure of the constant field. 
The following is a list of isomorphisms which transforms the elliptic 
function fields arising from the polynomials in Table I into each other. 
Again the mth isomorphism is an isomorphism of the first field onto the 
mth field. 





Xl-+(X-co3), Y WY. 
Now let us consider the normalized polynomial f(x) = x(x - 1)(x + 1) 
over F,. The elliptic function field K defined by y2 =f(x) over F, has four 
prime divisors of degree one. So the Weil-numbers rc and 71 of K have the 
property x+%=0 and rrE= 3. Thus rr=&? which shows that rc2 is an 
integer. Hence, by [ 10, p. 256, Prop. 6.21, K is supersingular. 
THEOREM 5. Let K be an elliptic function field over F, with exactly four 
prime divisors of degree one which are ramified over a rational subfield Q, 
for some PEP,(K). Let D denote the sum of the prime divisors in P,(K). 
Then there exists a prime divisor G of degree 2 such that C(G, D) is MDS 
if and only if K is one of the following fields: 
K= F,(x, Y), y2=x(x- 1)(x+ l), 
K= F&G Y), y2=x(x- 1)(x-3), 
K= FAX, Y), y2=x(x- 1)(x-3), 
K= F,(x, Y), y2 = x(x - w)(x - OS), 
where o is a root of x2 +x - 1 over F,. Moreover, the function fields over 
F, and F, are supersingular. 
For the sake of completeness we are now going to prove that any trivial 
MDS code is in fact an (extended) generalized Reed-Solomon code (and 
hence of genus 0 [ 143). 
Let c( = (al, . . . . a,) be a vector of distinct elements of F, and let 
v = (v,, . ..) v,) be a vector of nonzero elements of F,. A linear code C is 
called an extended generalized Reed-Solomon (n, k, n - k + 1 )-code if C has 
a generator matrix of the form 
G= [Gl ... G,], 
where the Gi are columns of the form 
Gi= (vi, upi, . . . . up:- ')', 1 <i<n. 
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If none of the ai equals zero, then C is called a generalized Reed-Solomon 
code. Extending G by one column of the form 
G, = (0, 0, . . . . 0, u,)~ 
yields a doubly extended Reed-Solomon code [ 13, 111. These codes are 
MDS [13]. 
LEMMA 20. Let C be a linear (4,2, 3)-code over F,. Zf q = 3 then C is a 
doubley extended generalized Reed-Solomon code. Zf q > 3 then C is an 
extended generalized Reed-Solomon code. 
Proof: The parameters of C imply that C is MDS. By the weight dis- 
tribution formulae for MDS codes [ll, Chap. 11, sect. 31 we see that there 
are (q - 1 )(q - 3) codewords of weight 4 in C. 
Suppose that q= 3. Then there are no codewords of weight 4 in C. 
Choose a nonzero codeword c = (c,, c2, cX, 0) having a zero at the last 
position. This is possible since C has a minimum weight codeword in any 
3 coordinates [ 11, Chap. 11, Theorem 41. Now, choose a second codeword 
a=(aI,a2,a3, a4) not belonging to the linear space generated by c. In 
particular a4 # 0. Then the matrix having a and c as its rows is a generator 
matrix of C and C is a doubly extended generalized Reed-Solomon 
code with to,, u2, u3) = (c,, c2, c,), (aI, a2, u3)= (a,lc,, a21c2, a3/c3) and 
v, = a.+. 
Now suppose that q > 3. Choose a codeword c = (c,, . . . . cd) of weight 4 
and a codeword a = (a,, a?, a3, a4) not belonging to the linear space 
generated by c. Then C is an extended generalized Reed-Solomon code 
with v :=c and u = (al/c,, a,Jc,, a,Jc3, ad/CA). 1 
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